Singular Solutions for the Conformal Dirac-Einstein
Problem on the Sphere
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Abstract In this paper we construct singular solutions to the conformal Dirac-Einstein system
on the 3-sphere; in particular, we mainly focus on solutions admitting singularities at two
points.
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1 Introduction and main results

Let (S3,gs,2S?) be the unit sphere of dimension three equipped with its standard
metric gs and its canonical spin bundle ¥S3. For (u,) € C*®(S?) x C*(XS?), let us
consider the following coupled system:

Lgsu = ’1/}‘2’111
on S3, (1)
Dy, = |ul*
where L, = —Agy, + Rgs = —Ag + % and D, are the conformal Laplacian on the

sphere and the standard Dirac operator, respectively; —A, is the Laplace-Beltrami
operator and Ry, = 6 is the scalar curvature of the unit sphere. This is the critical
points equation of the Dirac-Einstein functional

1 R
Bluw) = 5 [ IVal? + S0 4 (D 6,0) = [0l

here (-,-) denotes the compatible Hermitian metric on ¥S? (we will give the precise
definitions in the next section). Now, by using the stereographic projection, which is a
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conformal map from S? to R? with its standard Euclidean metric, the system turns
into
—Au = [
on R3, (2)
Dy = |ul*)

We are interested in finding singular solutions of on S\ A, where A is a pair of
antipodal points on S?, that is we are looking for solutions of

Lgsu = ‘w‘%‘
on S3\ A, (3)
Dgsw - ‘UPw

in the distributional sense, with u singular on A. This can be seen as a coupled singular
Yamabe and spinorial Yamabe problem (see for instance [17, [I8| 15, 12 13} [14] and the
references therein for a detailed description of the singular Yamabe type problems).
Again, by means of the stereographic projection, the system turns into

—Au = [p[u
on R3\ {0}, (4)
Dy = |ul*

One can approach the previous equations in two different ways, which however lead to
the same system. The first one is more geometric and it starts by noticing that R\ {0}
is conformal to R x S? via the conformal map (r,6) — (—1In(r),d) = (t,0). Now, using
the conformal invariance of the Laplacian and the Dirac operator, the problem
becomes:

Lyw = |¢)\2w
on R x §%, (5)
Dgyop = w2¢

where Ly = —Ay g+ % and D, are the conformal Laplacian and the Dirac operator on
R x S? equipped with the canonical product metric g = dt? + df?. Inspired by [2} [19]
and the spin representation on a product manifold, we let ¢ = ¥ ® ¢ where ¢ is a
Killing spinor on S?. Then we have that ¢ is an eigenspinor for the Dirac operator
on S? with eigenvalue 1 and since || is constant, we assume it to be 1; also, we will
look for solution of the form w(t,#) = u(t). Then, by taking into account the natural
splitting of the spin bundle, one gets the following system for ¢ = )+ &~

(—u'+ qu= (PP + [ Pu

;2
dt

Ay g
i + T = uY

i =ty (6)




Since v is a complex valued function, if we put ¥y* = a + ib and ¥~ = a — ib in the
previous system, we get the following one:

v =—(a®+b*)u+ ju
a = —a+u’b (7)
V=b-u%a

The second method is more analytic. It was used in several works as an ansatz to find
particular solutions (we refer the reader to [6, 16} 20, 12] and the references therein).
We start by defining the space of “radial” spinors E(R?) as follows:

ER3) = {w(x) = fi(lz])yo + fQ’(lj‘)x Y03z €ER3 f1, fo € C(0,00), 70 € S(%} ,
where - stands for the Clifford multiplication and S?C denotes the complex unit sphere
in C?; we notice that this space is stable under the action of the Dirac operator. This
second approach relies on the ansatz that u(z) = u(|z|) and ¢ € E(R?): so, if in
we apply the Emden-Fowler change of variable r = e~! and write fi(r) = —a(t)e,
fa(r) = b(t)e!, we obtain again the system (7).

Now, we see that the system can be viewed as a Hamiltonian system

a =—a+u®b

V¥ =b—u?a

V-t 0
v’:—(ag—}—bQ—i)u

where the Hamiltonian function H is given by:

2 2 1
H(a,b,u,v)z%ﬂ—% <a2+b2—4> —ab
v

L2 (o 1)L (e ),

in fact,
a= %Zl(a,b,u,v)
b= —(?;I(a,b,u,v)
U= %—Jj(a,b,u,v)
0= —%—Z(a,b,u,v).

The equilibrium points, with u > 0, of the system are

1 1
Py = (0,0,0,0), Pt = (i\/;,i\/g,l,0>

3



and they correspond to the energy levels H = 0 and H = —%; in particular Py is a

saddle point and P* are center points. From the analysis of this Hamiltonian system,
we have the following:

Theorem 1.1. Let Ty = 247, Then, for T € (Tp,00), there ezists a sequence of
2T -periodic solutions (ur,yr) to (6)). Moreover,

(i) there exist T1 < Ty such that for T' € (Tp,T1) U (T, +00), the family is different
from the constant equilibrium solutions;

(i) when T — T,
2 1 20 1,8 .
(uT,\¢T| ) — 1,1 , in Ct(R) x Cpl(R), 0<a, B <1

(iii) when T — oo, there exists to such that

(ur, ¥r) = (uo(- — to), (- — to)), in C2*R) x CLP(R), 0 < a, B < 1.

loc loc
where (ug, o) is the solution of (@ given by the nontrivial homoclinic of (@)

In terms of singular solutions of the conformal Dirac-Einstein equation (2)) on R3\ {0},
which is equivalent to the problem on S\ A, we obtain

Corollary 1.1. For T > Ty > 0, there exists A > 0 and a one parameter family
(up,r) of singular solutions of problem such that, when T — oo

(ur,r) = (Ux, ), in CR2(R3\ {0}) x CLP(SR®\ {0}), 0 < a, B < 1,

loc loc

where (Uy, W) is a ground state solution of (@

2 Geometric and analytic settings

Here we briefly recall some notations and properties of the relevant operators that we are
going to use. On a general compact, without boundary, three dimensional Riemannian
manifold (M, g), we consider the conformal Laplacian acting on functions by

1
Lyu = —Agu + gRgu,

where A, is the standard Laplace-Beltrami operator and R, is the scalar curvature.
Then the conformal invariance of L, means that if g = g, = ulg is a metric in the
conformal class of g, then we have L;f = u=5L,(uf). We will denote by H'(M) the
usual Sobolev space on M, and we recall that by the Sobolev embedding theorems
there is a continuous embedding

H' (M) < LP(M), 1<p<S6,



which is compact if 1 < p < 6.

Regarding the spinorial part, we denote by XM the canonical spinor bundle associated
to M (see for instance [7]), whose sections are called spinors. On this bundle one defines
a natural Clifford multiplication

Cliff : C*(TM @ XM ) — C*(XM),
a hermitian metric (-, -), and a natural metric connection
VE: C®(EM) — C®°(T*M @ *M).
Therefore the Dirac operator D, acting on spinors is given by the composition
D, : C®(XM) — C®(XM), D, = Cliffo V*

where T*M ~ T'M are identified by means of the metric; the conformal invariance for
the Dirac operator reads as follows: if § = u*g, then Dgp = u=*Dgy(u1)).
Next we recall that the Dirac operator D, on a compact manifold is self-adjoint in
L?(XM), has compact resolvent and there exists a complete L?-orthonormal basis of
eigenspinors {v; }iez satisfying

Dgipi = i,
where the eigenvalues {\;}icz are unbounded, that is |\;| — oo, as |i| — oco. For a
given ¢ € L2(XM), written as 1) = Y icz @iti, we define the operator

Dy|* : LA(SM) — LA(SM),  [Dgl*(v) =Y aslAil*s.
€7
Hence we define the space H*(XM) as the natural domain of |D,|*, that is
Y€ HY(EM) <= Y af|\[* < +oc.
1EL
It holds that H*(XM) coincides with the Sobolev space W$?2(XM), and moreover one
can define the inner product

(u,v)s = (| Dg|*u, [ Dg|*v) 2,
which induces an equivalent norm in H*(XM); in particular, for s = %, we will consider

(u, u) = (u,u)1 = Jul?

1
2
as norm for the space H %(EM ). For this space, there exists the following continuous
embedding
1
H2(XM) — LP(XM), 1<p<3,

which is compact if 1 < p < 3. Now, given the L?-orthonormal basis of eigenspinors
{¥i}icz, we will denote by 1, the eigenspinors with negative eigenvalue, wf the eigen-
spinors with positive eigenvalue and ¢? the eigenspinors with zero eigenvalue and we
recall that the kernel of Dy is finite dimensional. Therefore we set

s 1 1 _—
H?2" :=span{y; }icz, H30 .= span{w?}iez, H2>t = span{gﬁj}iez,



where the closure is with respect to the topology induced by the previous norm, and
we have the splitting:

Hz(SM)=H> @ Hz' @ Ha ™, (9)

and we will denote by P™ and P~ be the projectors on H 3+ and H2~ respectively.
Finally we recall a regularity results for weak solutions, (see [II], Theorem 3.1): if

(u,p) € HY (M) x H2 (XM) is a weak solution of the system of equations , on a closed
three dimensional spin manifold (M, g, £ M), then (u,v) € C*>*(M) x C*8(SM), for
some 0 < a, 8 < 1.

3 Proof of the main theorem

Here we will prove the main result, Theorem In particular we will start from the
existence of periodic orbits of near the equilibrium points.

3.1 Small oscillation and periodic orbits

First of all we transform the system @) using the auxiliary variables a = a—\;%b and

b= “—\7;. So the system becomes:

—(1+u?)b
= (v’ —1)a

S

=0
(% a + 62 )u
The new Hamiltonian is then
TRy 1 1 5 1 1/, 1
H(&,b,u,v) §U2+2(u _1) <@2+b2—4>+2<2b2—4>.

The equilibrium points are then (0,0,0,0) and (i%,o, 1,0). The linearization of the
right hand side of at (:t%, 0,1,0) leads to the following matrix

o O = O
SO = O O

In particular, C' has two real eigenvalues +21 and two complex eigenvalues +i21.
Therefore, one can apply the Lyapunov’s center theorem, in order to prove the existence
of a positive § and a family (z;).c—s55) := (ar,br,ur,v,) of periodic solutions with
period T, starting from the equilibrium point (%, 0,1,0) where Ty = 27,

21



3.2 Existence of large period solutions

In this section we will denote by H..(T) = H,.,.([-T,T];R), the Sobolev space of

per
2T -periodic functions endowed with the equivalent norm

2 _ 2 _ T 1y
—u“d

[l = llullzn = [ "+ Zudt.
-7

Also, if z(t) = a(t) + ib(t) ~ < Z((i)) ), for some 2T -periodic scalar functions a, b, we

will denote with A the operator defined by Az = —J2' + JBz, where

0 1 -1 0
(8] a3
We notice that A is self-adjoint since JB = —B.J and moreover A%z = —2" + 2.
Therefore we consider the Sobolev space of 2T-periodic (complex valued) functions

1 1
Hpor(T) = Hper ([T, T); C) and we use the norm given by

T 2
Il = el g = [ (jarbia) .
H3 _7

Now let us consider the functional

1
E:H (T) x Hzw(T),

per
17 1 17

E(u,z) = 2/ lu'|? + ZuQ + (Az, z)dt — 2/ u?|z)?dt.
-7 -T

In particular, a direct computation shows that critical points of E solve the system .
Lemma 3.1. The functional E satisfies the Palais-Smale condition (PS).

Proof. The idea is very similar to the proof of the PS condition for the Dirac-Einstein
1
equation as in [II]. So we consider a (PS) sequence (up,z,) € HL, (T) x Hgr(T) at

per
the level ¢ € R. Thus

T T
1
/_T lul |2 + Zui dt + (Azp, zp)dt — /Tu721|zn|2 dt — 2c (11)

and
—ul + %un = Up|2n|? + o(1)
(12)
Az = vz, + 0(1)

Multiplying the first equation of by u, and the second equation of by z, and
substituting it in we have

lunl® = 2¢ + o([lzall)



and
/ lznl? dt = 2 + o fun | + [1zu])-
[_T’T}

Moreover, we have that

JH? = /[ oy Ve ) e o)

1 1
2 2
s(/ u,%rznrzdt> (/ u%\z;ﬂ?dt> olllal) (13
[_TvT] [_T7T]

< C2c+ o|funll + I1znl)) 27 | + o(llznll).
Similarly,
Iz [I* < € (2 + ol[unll + llzal) 121 1| + o(|l2all).
Thus, ||zn|| and |lu,|| are bounded. So up to a subsequence, u, — us weakly in

1
H! (T) and strongly in C%2 and Zn, — Zoo weakly in Hp.r(T') and strongly in LP for

per

all 1 < p < oo. So to finish, we write

] ? = / W2zl dt
[-T.T]

)

But u, — us in L>® and 2z, — 2z in L?, therefore u, converges strongly to us in
H! (T); a similar argument works for (2,,) and hence, this finish the proof of the (PS)

per

condition for E. O

We have the following

1
Proposition 3.1. Let us consider the natural splitting Hze;(T) = H- ® H' (as in B)
Then there exists a functional g : H;QT(T) x HT — H~ satisfying, forv e HT

E(u,v+w) < E(u,v+ g(u,v)), for allw e H,w # g(u,v). (14)
Proof. We first notice that
T
Bluwv+w) = 3 (Jull + ol = il = [ o+ ul )
-T
T
(P + 1ol = [ aoPar) + K o)
-T

where K : H~ — R is defined by

N~ N

T T
K(w) = —||w|? - / Wwl? dt — 2 / W2 (v, w) dt
T -T

is strictly concave and anti-coercive, so it has a unique maximizer wy = g(u,v). This
maximizer satisfies Dwg = P~ (u?(wo + v)), with P~ the projector on H~, therefore it

satisfies property . O



Lemma 3.2. Let (u,v) € H;ET(T) x H and g given by the previous Proposition. Let

us define F(u,v) = E(u,v+ g(u,v)). Then F has the mountain pass geometry, namely
we have

(i) F(0)=0

(i) There exists r > 0 such that if ||u||®> + ||v||? < r, then F(u,v) > 0; in particular if
|ul|? + ||v]|> = r then F(u,v) > a = a(r) > 0.

(11) If f_TT u?|v|? dt # 0, there exist t,s > 0 such that F(tu,sv) < 0.
(iv) The functional F satisfy the PS condition.
Proof. Regarding (i), we notice that ¢(0,0) = 0, hence F'(0) = 0. Next, we notice that

1 T
Flu,v) > (mW+ww2—/T#wPﬁ)

1
(1l + 1P = 5 (el -+ o1

1
5 (ull® + Jloll® = € (lull* + 10]1%))

v
N = DN

AV

Hence, (ii) is satisfied. Now, we consider u and v such that u|v| # 0 and we fix

|lv]| = 1. We let ¢, be a increasing divergent sequence. Two cases can occur: either

lg(tnu,tnv)]l lg(tnustnv)]]
tn

7 — 00 Or
n

— a > 0. In the first case, we have

thu, thv 2
<2l + o - 1200 o
n

T
2F (tpu, tyv) = t2|lul|® + t2||v||* = ||lg(tnu, tyv)||? — t,%/ Uty + g(tpu, ty,w)? dt
T

In the second case, we let hy, = t,v + g(t,u, t,v) and we denote by w the weak limit of

wy, = ”Z" ; we also notice that

nll

t
(Wp,v) = —— — (1+a)"2.
1720

N

Sow = (1+ a)_%v +w™. Then we have

T
QP (bt ) :t3||u|y2+tg|yv||2—t3/ 2l 2 dt (15)
0 2 oy allball® [T 5
=t ([[vl]* + [lull?) —t, 2 . [wn|* dt (16)
oy

But, fTT u?lwy|? dt — fTT u?|w|? dt. So, in order to conclude, it is enough to show
that fTT u?|w|? dt # 0. We recall that

T
g, )2 = 12 / {0 + gttty t), g (bt tnv)) dt
-T



Hence,

L / ? (uy, Lt

tnt, TV
t%H nH uQ <wm g( n n )> dt. (17)
tn ) o tn
Comparing both sides of the equality at the limit, we see that
T
thu,t
lim u? (wh,, w) dt = 0.
n—oo [_p tn
But, g(t”m”v) = ”h”” — v, converges weakly in Hper( ) to (1 + a)2w™ and thus
strongly i 1n L?. Therefore
T
/ w? (w,w™) dt = 0.
-T

Hence, if f_TT u?[v|? dt # 0, then ffT u?lw|? dt # 0.
Finally, in order to show that F satisfies the (PS) condition, we first claim that
IVF(u,v)|| = ||VE(u,v + g(u,v))||. Indeed, we recall that

(V.E(u,v+ g(u,v)),w) =0,Yw € H™.
Hence,
(VuF (u,v),h) = (VuE(u,v + g(u,v)), h) + (V2E(u,v + g(u,v)), Vug(u,v) - h) (18)
= <qu(uv v+ g(u, U))? h>
Similarly,
(VoF (u,v),w) = (V.E(u,v + g(u,v)), w + Vyg(u,v) - w) (19)
= (V.E(u,v + g(u,v)),w)

and this proves the claim. Now, if (up,v,) is a (PS) sequence for F, then (uy,,v, +
g(un,vy) is a (PS) sequence for E and using Lemma [3.1{ we finish the proof of (iv). [

Using the mountain pass lemma, we know that F has a critical point. But, as discussed
above, we see that |VF(u,v)|| = [|[VE(u,v + g(u,v))||. So the critical points of F
correspond to critical points of E. One can characterize this critical point as the
minimum of F on the generalized Nehari manifold

N = {(u z) € H;er( ) X Hp%er(T) \ {(0,0)}, satisfying (*)} .

A 1 T
/ /| + ~u?dt = / u?|z|2dt;
_T 4 _r

(+) /T (Az, 2)dt = /T u?|z|dt

-T -T

where

P (Az —u%2) =0

10



It is important now to study the dependence of this critical point on 7T'. Rescaling the
interval to [—1, 1], we get an energy of the form

E(u,z) = g </11 %]u’(s)]Q + iu2(s) ds + /1 (A12,2)(s) ds — /11 u?|z|? ds>

-1 T

where A%z = —%Jz’ + JBz. Setting ¢ = %, we define
1 RECTPNTEN R ! ! 2|2
E.(u,z) = — e|u' (s)|* + —u(s) ds+ | (Acz,2)(s) ds — u®|z|* ds | .
2e \J 4 4 -1 -1
We see that the critical points correspond to solutions to the equation
—e2u" + fu = ulz|?

—eJz + JBz = u?z

We will use the rescaled norms

1 1 1 1 2
T U VAt O U PO (N (ERLIE) I

)

1
and finally ||ulf, . = / |ul? dt.
’ € Jl-1.1

1
From now on, we will say that a sequence (ue, z.) € HL,,.(1) x Hz,(1) satisfies property

(A), if there exist 0 < ¢; < ¢ such that "
¢1 < Ee(ue, ze) <o and  [[VE(ue, 2)[c = 0 (4)
Proposition 3.2. Let (uc,z) € H),.(1) X Héer(l) satisfying (A). Then:
(1) ||uec||1,2,. and H%H%,z@ are bounded.
(i) l17 — glue, 21y 5 — 0.
(i) |V F.(ue, 2] = 0.

Proof. The first point is similar to the (PS) condition so we omit it. So we focus on
the second and last point. We set

ge =9g(ue,27), zm1=z2F +9g:, zm=27 —g:

so that z. = 21 + 22 and 29 € H~. Then we recall that (V,FE-(u, z1), 22) = 0. Hence,

e

1
—(ge, 22) — / ug(zl,@} dt = 0.
[_171]

11



On the other hand, since ||V E;(ue, z:)|| — 0, we have

1

(VB (e, 20), 22) = — (25, 22) — — / W2z, 2a) dt = o[22 1 5.).
€ [_171] 2

By taking the difference, it leads to

1
2 3 2 _
ol g g ool b= ol 50

)

Thus
1z2l1 5 0 < O(IVEe(ue, %)) = o(1),

which proves (i7). Regarding (ii7), it follows from writing
VE.(ue,2}) = VE.(ue, 21) = VE:(uz, ze + 22).

Expanding the last term and using VE(ue, z:) — 0 and zo — 0, we have the desired
result. O

1
per (1) X Hper(1) satisfies (A), then there exist t. and s.
such that (tzue, sezt + g(teue, sezt) € N'. Moreover,

Lemma 3.3. If (us,2.) € H}

(te,se) — (1,1), as e —0.
Proof. Let us consider the map G: R xR x H~ — R x R x H~ defined by

(VuE:(tue, szt + h), tu.)
G(t,s,h) = | (V.E(tuc,s(zF + h)),s(zF +h))
P=(Ac(zF + h) — t2u2(zF +h))

Clearly, G(t,s,h) = 0 if and only if (tu., s(zF + h)) € N'. We set

Ce = / |u5|2\zj —1—98\2 dt
€ [7171]

and from condition (A) we can assume that ¢ — ¢y > 0. Indeed, since (ue, z:) sat-

isfies (A), we have from Proposition that |luc|l12. and [|z[/1 5, are bounded. In
27 b

particular,

(VuEc(ug, ze),ue) = o(1) and (V, E¢(ue, 2¢), ze) = o(1).
Hence
1

0<c1 <Eo(ue,ze) = %

/ e P22 dt + o(1).
[_171]

On the other hand, again using Proposition we have |27 — g(ue, 25 )||1 5. — O.
27 k)
Therefore, we have

1
Ce = / lue|?| 22| dt + o(1) > 2¢1 + o(1).
€ [_171]

12



We then compute

K = DG(1,1, g(ue, 27)) = [ B Gy ] ,

cy A
where we have denoted
Ap =P~ (Acp — |ucl*p),

which is an invertible operator on H ™,

B. — 2AVuEe(ue, 25 + ge), ue) —2c, N 0 —2c
© —2¢ 2(VyE:(ue, 25 + ge) 0" —2¢c9 0 ’
and finally,
= [ R o]

In particular, since By is invertible and C} By Ly =0, we have for e small enough that
K is invertible and K ~! is bounded uniformly as ¢ — 0. Hence, by the inverse function
theorem, since G(1,1,g9) — 0 as € goes to zero, there exists g9 > 0 such that for all
e € (0,e9), there exists t. and s. so that

G(tsy 8¢, h) = 0.
Moreover, we see that |t — 1| + [se — 1| < O(||VEc(ue, 2¢)||)- O

1
Lemma 3.4. If (uc, z.) € H},.(1) x HEr(1) satisfies (A), then there exists (i, z.) € N
so that
E (U, z2:) = Ec(ue, z:) + o(1).

Proof. Let i = teue and Z. = s.(2F + g(teue, 27)). Then we have
E&(asv 25) =L, (ua + (ta - 1)”5, Ze + (58 - 1)2: + g(tauaa Z:_) - g(t5U57 Z;_)
o gltetie, 2) = 22 + (s = Dg(teue, 2) )
= B (ue, 2e) + O(||V Ec(ue, 26)||2)
]

It is important to notice that if (ue,z:) is the solution obtained from the min-max
process (or minimization on N), then there exists ¢y > 0 such that

1

/ u?|zo|? dt > co. (21)
& [_111}

Indeed, we have

B(uez)>  swp  Bltue,sed +w) = max (- Ct' 5" = Cs') > o
t>0,s>0,weH — t>0,5>0

13



Thus if we define 6. by

0 = (u,izr)lé\/ E.(u,z),

then
E-(ugc,z:) > 0 > co > 0. (22)

Now we want to find an upper bound for J., and in order to do that we need to
construct a suitable sequence (u., z:). We consider then the limiting functional defined
on H(R;R) x H2(R;C) by

1 1
E(u,z) = 2(/ /|2 + ZUQ + (Az, 2) — u?|z|? dt).
R

Its critical points satisfy the following Euler-Lagrange equation

—u" + Ly = ulz|?
{ Az:ugz . (23)

We denote by M the set of the ground state solutions and we let
do = inf {E(u, 2), VE(u,z) =0} = E(U, Z),

for (U, Z) € M.

Lemma 3.5. Let (U,Z) € M. Then up to translation and scaling,

202 3

Proof. We recall from [3] that all the ground state solutions of (2]) are classified. Indeed,
if (U, ¥) is a ground state solution, then there exists a parallel spinor ®5 € ¥R3, o € R?
and A > 0 such that

U(t) = 2 Fcosh (),  Z(t) = —— cosh™ 3 (1) ( ¢ ) .

2\ )%
)\2 + ]x — $0’2

Ux) = (

and .
2 5

@) =TT P (o= o))

In particular, if 2o = 0, we can see that U is radial and ¥ € E(R?). So any ground state

solution satisfies our radial ansatz. Hence, after the change to cylindrical coordinates,

we have that (U, ¥) € M. Therefore the energy level dy corresponds indeed to ground

state solutions of , which finishes the proof. O

Lemma 3.6. Let (U, Z) € M and 8 € C°(—1,1) such that B =1 on [—3, 3], we set

wi=sov (L), =0-s0z(t)

We have
E (U, z:) = 60 and VE(u.,z:) — 0

as € — 0.
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Proof. First we have that

Ve z) = A" (£) v 2o (£) + 2o (£) +
()]

—2egtor (L) + 2o (1) + o - oy (4 |2 (1)

Next we notice that

1 2 | p/ ! E
5/[—1,116 Fou (5)

Similarly,
1 t\ |2
/ e4p" (U <> ‘ dt < 054/ |U(t)|? dt — 0.
& [7171} € R

But for the last term, we have

() ()

Similarly, we can show that V,FE.(u.,z.) — 0. Now, we can move to the energy part:
1
2E. (U, Z:) = / g2
[_171}

2

dt:g/{ " 18 () U (1) dtgch/Rw'F dt 0.

2 4

1 232
JARCCORED)

3

dt < o/ U2(8)Z(s)[* ds — 0.
= <ls|<t

2

- B(tU <§> + éﬁ(t)U’ (2) n iﬁz(twg (z)
- </3(t)J (Z’ (2) + BZ (Z)) +ep'(t)JZ (;) B Z <:¢>>
— B2 (i) ‘Z <2> ’

dt
= [ 7 (0OF + {06 + (42.2) - UPIZG)PR) ds
[(-=.2]

+ /||<1 52’,8I|2(55)‘U(S)’2 + QEﬁl(ES)B(ES)U/(S)U(S) dst

—i—A el (es)B(es)(JZ, Z) ds

<1
— €

H[ (e - B P12 ds
3-<lsI<2
=I+1I+1II
By using the dominated convergence theorem, one sees that

I —2E(U,Z) = 28, as ¢ — 0.
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On the other hand
II <Ce—0.

So it remains to show that the third term also converges to zero. Indeed,
[, e - BN WPz ds<c [ UEPIZE)E ds -0
L<lsl<t 5 <l
as € — 0, which finishes the proof of the Lemma. O
Now we get the following the upper bound for .
Lemma 3.7.

limsup 6. < dp.
e—0

Proof. From Lemma we have that (., z.) satisfies assumption (A). Hence, using
Lemma we have

Be(te, Ze) = Ee(tie, %) + (1) = 0z + o(1).
So the conclusion follows by taking the lim sup in both sides. O
We have also a lower bound for 6,
Lemma 3.8.

liminf ., > 4.
e—0

Proof. Let (ug,z:) a minimizer of E. on N. Then, it is a solution to the system
and E.(ue, z:) = .. We first claim that there exist ro > 0, k1, k2 > 0 and y. € [—1,1],

such that
1 1
/ luc|2dt > ky, / |ze|2dt > ro. (24)
€ \tfyg\gsro € ‘t*ys‘gﬂ'o

In order to prove this claim, we assume by contradiction that the previous inequalities
are not correct. Without loss of generality, we can assume that the first inequality is
not correct. Then, for every r > 0,

1
lim [ — sup / luc|? dt | = 0.
70\ € ye[-1,1) Jft—ye|<2er

Now we take (., a cut-off function in (y — 2re,y + 2re) such that (. ,(t) = 1 for
|t —y| < re, we have

1
lim | - sup / |Beyuc|?dt | = 0.
e=0 2 ye[_lvl] [_171]

16



This yields ||uc||pee — 0 for all 2 < ¢ < co. Indeed, let p > ¢ > 2 and s > 0 so that
q=sp+2(1 —s). Then we have

1—s S
1 1 1
/ |Beyuel? dt < / |56,yu6’2 dt / | Be yuel? dt
€ [_1 1] € [_171] € [_171}

1—s
1
<C (/ ‘ﬁa,yua|2 dt) ||687yu5Hi2,€
€ [7171}

Hence, if we cover [—1, 1] by subintervals of radius re with each subinterval overlapping
with at most two others, we get

1-s
1 1
/ |7 dt < Cy [ sup / e dt | fuclls -
€ Jl-1,1] ye[-1,1] € J|t—yc|<2er

Now, we use and write

)

1
%SE/;]ﬁ%PﬁSWMéJ%@%SCMJﬂAM@%,

)

and the contradiction follows by passing to the limit; so the first claim is proved.
Next we set
Us(s) = ues(es + ye), Z:(s) = ze(es + ye).

We notice that (U, Z:) is bounded in
1
(#h(RiR) < HE(Ri)) 0 (2P (R3R) x /(RO

for all p > 1. So we can extract a convergent subsequence that converges strongly in L?
1
for all p and weakly in H}  x H?_ to (U, Zy). We take a test function h € H'(R;R)

loc

that is compactly supported in [—R, R] and we have

1 1 1 -
/ {—Ué’ + -U. — Ugyzgyﬂ h ds = / [—aQu;’ + e — ua\za\Q] h dt =0,
R 4 € [t—ye|<eR 4

where h = h (%) Similarly, taking o € H %(R; C), compactly supported in [—R, R]

we have 1
[z -vizgyas =2 [ ae-iapyde=o
R € Jlt—ye|<eR

where ¢(t) = ¢ (t_%) Hence, (Uy, Zy) is a solution of . Moreover, from , we

have
1

/ U2 ds = / el dt > 51 > 0.
[—70,70] € Jlt—ye|<ero

1
/ 12,2 ds:/ 22 dt > 51 > 0.
[—70,70] € Jlt—ye|<ero

17
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Therefore,

/ \Uo|? ds # 0, / |Zo|? ds # 0.
[=70,70] [~70,70]
Thus, (Up, Zo) is not trivial and

E(Uo, Zo) > do.

On the other hand, we have

1 1
Es(usazs) = 5= ‘Us‘2|zs|2dt =3 |U€|2|Z€|2d5
28 Jit—ye|<1 2 Jisi<t

Therefore,
liminf ¢, = liminf E. (u., z.) = E(Uy, Zp) > do.

e—0 e—0

O]

Lemma 3.9. There exists g > 0 such that for € < eg the ground state solution of
s not the constant one.

Proof. This is easily verified. Indeed, if

/1
u =1, z = ? ,
j:\/;

1 1
E.(u,z) = / lul?|2)? dt = — — 0o > do.
1.1 1e

then

2e

)

O

This finished the global picture of the hamiltonian system by finding a family of periodic
solutions converging to the homoclinic orbit generated by the spherical solution.
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